Large N Thirring Matter in Three Dimensions by Goykhman, M.
ar
X
iv
:1
60
5.
08
44
9v
1 
 [h
ep
-th
]  
26
 M
ay
 20
16
Prepared for submission to JHEP
Large N Thirring Matter in Three Dimensions
Mikhail Goykhman
Enrico Fermi Institute, University of Chicago, 5620 S. Ellis Av., Chicago, IL 60637, USA
E-mail: goykhman@uchicago.edu
Abstract: In this paper we calculate properties of the three-dimensional system of
N species of fermions at zero temperature and finite chemical potential, with the four-
fermionic interaction of the Thirring type. We observe that this model fits consistently
into framework of the Landau Fermi liquid theory, and possesses a non-trivial zeroth
and first Landau parameters. Our result is derived to all orders of the Thirring coupling
constant and to the leading order of the large-N expansion. In particular we solve for
the exact current-current correlation function, and show that it exhibits a singular
behavior at zero frequency and twice of the Fermi momentum.
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1 Introduction
Consider theory of N species of fermions ψi, i = 1, . . . , N in the d-dimensional space-
time. A straightforward way to make this theory dynamical is to switch on a local
four-fermionic interaction of the Gross-Neveu (ψ¯ψ)2 or the Thirring (ψ¯γµψ)2 form [1,
2]. At weak interaction the dimension of the four-fermionic coupling constant is 2 −
d. Therefore such an interaction is power-counting non-renormalizable when d > 2.
However the three-dimensional models with a local four-fermionic interaction of the
Gross-Neveu and Thirring form are known to be renormalizable and solvable in the
large N expansion [3–8]. Such three-dimensional interacting models therefore represent
a rather simple exactly solvable fermionic systems which exhibit a non-trivial dynamics.
In this paper we want to discuss a three-dimensional interacting fermionic matter
at finite density. The specific model which we choose is the three-dimensional large
N Thirring model taken at finite chemical potential for the U(1) particle number. We
will solve this model to the leading order in the 1/N expansion, and to all orders
of the Thirring coupling constant. We will refrain our consideration mostly to the
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case of zero temperature, and we will set the bare fermionic mass to be zero. In the
discussion section we outline the future work and possible interesting generalizations
and extensions which can be performed.
One of the phases in which one can find a quantum dense fermionic system is de-
scribed by the Landau Fermi liquid theory [9–11]. This is a finite-density non-condensed
state exhibiting a long-lived fermionic quasiparticle excitations. It is defined in the low-
temperature regime T/µ ≪ 1 in which quasiparticle excitations predominantly exist
near the Fermi surface. Interaction of such quasiparticles is characterized by the cou-
pling constants known as the Landau parameters. It has recently been demonstrated
that the large-N Chern-Simons-fermion theory provides an example of a microscopic
realization of a non-trivial Landau Fermi liquid state [12]. 1 Holographic non-Fermi
liquid models are known [28, 29].
In this paper we show that the dense large-N Thirring model in the low-temperature
regime behaves as the Landau Fermi liquid. Our argument is constructed analogously
to [12]. First, we calculate the exact fermionic propagator and the four-fermionic scat-
tering amplitude, and use these to calculate the Landau parameters microscopically.
Second, we use the Landau Fermi liquid theory expressions for the inverse compress-
ibility and the heat capacity to solve for the Landau parameters. This is possible to
do since these thermodynamic quantities can be found by a separate calculation. We
show that both these methods give the same values of the Landau parameters.
The relative simplicity of the Thirring model, as compared to the Chern-Simons-
fermion model of [12], allows one to straightforwardly calculate the current-current
correlation function at a finite value of the spatial momentum. In the Fermi liquid this
correlation function exhibits a singular behavior at zero frequency and twice the Fermi
momentum. Experimentally this finite-momentum singularity manifests in a rippling
pattern of the charge screening response to insertion of an external charged impu-
rity, known as the Friedel oscillations. A holographic example of a similar oscillatory
screening mechanism has recently been obtained in [30]. We derive the current-current
correlation function for the large N Thirring model and demonstrate explicitly that it
exhibits a singular behavior at zero frequency and twice the Fermi momentum. We
show that the value of the Fermi momentum is consistent with the Fermi-Dirac quasi-
particle distribution and the Luttinger’s theorem.
The paper is organized as follows. In section 2 we briefly summarize the key points
of the Landau Fermi liquid theory. In section 3 we formulate the three-dimensional
Thirring model at finite chemical potential, and solve for the exact fermionic propa-
gator. In particular this allows one to determine the fermionic distribution function,
1Literature on the Chern-Simons-matter theories includes [13–27].
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and calculate the entropy and the heat capacity. From the fermionic distribution func-
tion one can read off the value of the Fermi momentum. In section 4 we calculate the
current-current correlation function. We show that it exhibits a zero-frequency singular
behavior at the value of the momentum, equal to twice the Fermi momentum found
in section 3. In section 5 we calculate the values of the Landau parameters from both
the microscopic and the thermodynamic perspective, and demonstrate an agreement
of both methods. We discuss our results and comment on further work directions in
section 6.
2 Landau Fermi liquid theory
In this section we will briefly review some aspects of the Landau Fermi liquid theory.
We refer the reader to [9–12] for the detailed presentation, and in this section we merely
outline the very basic statements, in order to make the paper sufficiently self-contained.
The Landau Fermi liquid theory is a low-temperature T/µ≪ 1 theory of a quantum
fermionic liquid. Its underlying assumption is that the fundamental low-energy degrees
of freedom of the system are long-lived quasiparticles in the vicinity of the Fermi surface.
In 2+1 dimensions, which is the case of interest of the present paper, there is no spin
degree of freedom, and each quasiparticle state is characterized only by the value of
its momentum p. Define ε(p) to be an energy of a quasiparticle, and n(p) to be an
occupation number.
Interaction of a pair of quasiparticles with momenta p and p′ is described by
a function f(p,p′), which is introduced in the following way. Suppose occupation
numbers of quasiparticles receive a perturbation δn(p). In Landau Fermi liquid this
results in the following perturbation of the energy of a given quasiparticle:
δε(p) =
∫
d3p′
(2π)3
f(p,p′) δn(p′) . (2.1)
The Fermi velocity and the effective mass of a quasiparticle are defined as
vF =
∂ε(p)
∂|p|
∣∣∣∣∣
|p|=pF
, m⋆ =
pF
vF
. (2.2)
In this paper we will be considering N fermionic flavors, and therefore the observ-
ables have an extra index structure:
εi j(p) = δ
i
j ε(p) , n
i
j(p) = δ
i
jn (p) , (2.3)
f i lj, k(p,p
′) = f (d)(p,p′)δijδ
l
k + f
(e)(p,p′)δikδ
l
j (2.4)
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In the large-N limit the dominant contribution comes from the direct channel, f (d),
while the exchange channel, f (e), is suppressed [12]. We therefore will be considering
f (d) = f . In the low-temperature limit interacting qusiparticles are restricted to the
vicinity of the Fermi surface, |p| = |p′| = pF . We define θ to be an angle between p
and p′, and expand
f(θ) =
1
ν(ǫF )
(
F0 + 2
∞∑
n=1
Fn cos(nθ)
)
. (2.5)
The coefficients of expansion, Fn, n = 0, 1, . . . , are called the Landau parameters. We
have defined the density of states on the Fermi surface as
ν(ǫF ) =
Nm⋆
2π
. (2.6)
Using the framework outlined above one can derive the values of various observables
in terms of the Landau parameters. First of all the quasiparticle effective mass of a
relativistic Landau Fermi liquid is given by
m⋆ = µ (1 + F1) . (2.7)
Quasiparticles with the effective mass m⋆ obeying the Fermi-Dirac distribution exhibit
the following low-temperature behavior of the heat capacity
c =
π
6
N m⋆ T . (2.8)
We will also find useful the following expression for the inverse compressibility
κ−1 = n2
(
∂µ
∂n
)
T
=
2πn2
Nm⋆
(1 + F0) . (2.9)
Interacting quasiparticles can be described in the framework of quantum field the-
ory. The fermionic propagator, in the Lorentzian signature, near the Fermi surface
acquires the form
G(p) =
Z
ω − vF (|p| − pF ) + i ǫ sgn(|p| − pF )
u⊗ u¯
u†u
, (2.10)
where u(p) is an on-shell spinor describing quasiparticle, and Z is the wave-function
renormalization constant. The Landau parameters are calculated as
f i kj, l(θ) = Z
2 lim
q0→0
lim
q→0
V i kj, l(p, k, q) , (2.11)
where the on-shell four-fermionic vertex is
V i kj, l(p, k, q) =
1
(u†u)2
uα(p+ q)uγ(k)V
α γ
δ, β
i k
j, l(p, k, q)u¯
β(k + q)u¯δ(p) , (2.12)
and the one-particle irreducible four-fermionic amplitude is given by
V α γδ β
i k
j l(p, k, q) =
〈
ψ¯αi(−p− q)ψ¯γk(−k)ψδl(p)ψβj(k + q)
〉
1PI
. (2.13)
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3 Thirring model
In this paper we study the system of N massless Dirac fermions interacting via the
four-fermionic Thirring coupling. We will be working in the Euclidean space, with
x1,2 being the space coordinates, and x3 being the Euclidean time coordinate. We
consider the model at finite chemical potential µ for the U(1) particle number current
jµ = ψ¯nγµψn. We will mostly be considering the system at zero temperature. The
Lagrangian is given by
L = ψ¯nγµ∂µψn + µ ψ¯nγ3ψn + 1
2σ2N
ψ¯nγµψn ψ¯
mγµψm . (3.1)
Here σ2 has a dimension of mass, and the case of free fermions corresponds to taking
the limit σ2 → ∞. The conjugate spinor in the Euclidean space is ψ¯ = ψ†. An extra
prefactor of 1/2 in (3.1) is introduced for further convenience. In the case σ2 > 0 the
interaction is repulsive, while in the case σ2 < 0 the interaction is attractive.
The model (3.1) is exactly solvable in the large-N limit. In this paper we are
interested in the solution at the leading order in the 1/N expansion. Let us begin by
solving for the exact fermionic propagator,
〈ψm(p)ψ¯n(−q)〉 = δnmG(p)(2π)3δ(p− q) , (3.2)
We will be looking for the solution of the form
G(p) =
1
ip˜µγµ + Σ(p)
, (3.3)
where p˜µ = pµ − iµδµ,3. The fermionic self-energy Σ(p) satisfies the Schwinger-Dyson
equation,
Σ(p) =
1
σ2
γµ
∫
d3r
(2π)3
Tr(G(r)γµ) . (3.4)
It can be derived in the path integral framework, as well as from the following diagra-
matic consideration:
Σ =
G
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It is clear from equation (3.4) that the solution is momentum independent, Σ(p) ≡
const, which is the consequence of a contact nature of the Thirring interaction. After
regularizing the integrals over r3 and rs =
√
r21 + r
2
2, we arrived at
Σ1 = 0 , Σ2 = 0 , Σ3 = − µˆ
2
4πσ2
, (3.5)
where
µˆ = µ+ Σ3 . (3.6)
Therefore the exact fermionic propagator is the same as the free fermionic propagator,
but with the renormalized chemical potential (3.6),
G(p) =
1
ipˆµγµ
, pˆµ = pµ − iµˆδµ,3 . (3.7)
From the exact fermionic propagator one can derive the distribution function for
fermionic states in the momentum space (quasiparticle occupation number),
n(p) =
∫
dp3
2π
∫
d3q
(2π)3
〈
ψ¯n(q)γ3ψn(p)
〉
= N θ(µˆ− |p|) . (3.8)
This distribution function indicates a presence of the Fermi surface, with the Fermi
momentum given by
pF = µˆ . (3.9)
Knowing the distribution function one can determine the density of fermions
n = −∂ logZ
∂µ
=
∫
d2p
(2π)2
n(p) = N
µˆ2
4π
. (3.10)
Notice that the expression (3.10) is derived without explicit use of expression for the
free energy, and is a manifestation of the Luttinger’s theorem for fermions at zero
temperature, with the Fermi momentum pF = µˆ.
We have therefore demonstrated that zero-temperature occupation number for
fermionic states is given by a step function, and we have identified the Fermi mo-
mentum by the location of the step. In the next section we demonstrate how a singular
structure at zero frequency and twice of the Fermi momentum is manifested in the
current-current correlation function.
In this paper we are mostly interested in the case of zero temperature. However one
of the hallmarks of the Landau Fermi liquid is a linear temperature dependence of the
low-temperature heat capacity (2.8). Therefore in the remaining part of this section we
briefly outline derivation of the the fermionic propagator and the occupation number
at finite temperature.
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The Schwinger-Dyson equation at finite temperature is 2
Σ(p) =
1
σ2
γµ
1
β
∑
n
∫
d2r
(2π)2
Tr(G(r)γµ)
∣∣∣∣∣
r˜3=2π(n+1/2)/β−iµ
. (3.11)
The solution for Σ1,2 is again trivial, while Σ3 is a constant, shifting the chemical
potential, µˆ = µ + Σ3. Regularizing the sum over n, and the integral over rs one can
obtain the finite-temperature equation for Σ3. The precise form of this equation is not
essential for our present purposes and will be derived elsewhere.
The occupation number can again be calculated from the fermionic propagator,
n(p) =
1
β
∑
n
Tr
(
γ3G
(
p3 =
2π
(
n+ 1
2
)
β
− iµ,p
))
(3.12)
=
1
2
(
tanh
(
1
2
β(ps + µˆ)
)
− tanh
(
1
2
β(ps − µˆ)
))
, (3.13)
which is the Fermi-Dirac distribution of massless Dirac fermion with energy E = ps
at the chemical potential µˆ. Knowing the distribution function one can determine the
entropy and the heat capacity of the system,
s =
π
6
N µˆ T , c =
π
6
N µˆT . (3.14)
This agrees with the Landau Fermi liquid expression (2.8), provided the quasiparticle
effective mass is m⋆ = µˆ.
4 Current-current correlator
In the previous section we showed that fermionic distribution function of the zero-
temperature Thirring model at finite chemical potential µ is a step function, with the
step located at the momentum (3.9). This is what we expect to see when a sharp
Fermi surface is formed. In this section we want to provide an independent verification
of existence of the Fermi surface.
One can detect the Fermi surface experimentally by observing response of the sys-
tem to an external charged impurity. Due to the Fermi surface the charge screening
mechanism will exhibit a rippling pattern, which can be traced back to a singular struc-
ture of the current-current correlation function at zero frequency and finite momentum.
2Notice that a finite-temperature calculation in the Thirring theory is simpler than in the Chern-
Simons-matter theories, because the absence of gauge symmetry means that one does not have to keep
track of the holonomy of the gauge field on the temporal circle. The importance of the holonomy in
the thermal Chern-Simons-matter theories was first pointed out in [17].
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In this section we perform a calculation of the current-current correlation function in
the Thirring model, and show that it is singular at zero frequency and the momentum
equal to twice of the Fermi momentum (3.9), as it is expected in Fermi liquids.
Consider the global U(1) current, jµ(x) = ψ¯m(x)γµψm(x). Corresponding bi-
fermionic vertex is
(T µ)αβ(p, q) δ
n
m = 〈ψ¯αm(p+ q)ψnβ (p)jµ(−q)〉 . (4.1)
We propose the following ansatz to incorporate the spinor structure of the vertex
T µ = T µνγ
ν . (4.2)
This vertex satisfies the Schwinger-Dyson equation
T µν(q)γ
ν = γµ +
1
σ2
γν T µλ(q)
∫
d3r
(2π)3
Tr (γνG(r + q)γλG(r)) , (4.3)
which diagramatically is depicted as (the large black vertex stands for four-fermionic
coupling, the small black vertex stands for free contraction point, the internal fermionic
lines are full propagators)
= +
p + q
p
α α α
β β β
r + q
r
q
µ µ µ
Here we have noticed that once again the momentum dependence is only on the
total momentum q. This in turn leaves us with just an algebraic equation
T µν = δ
µ
ν −
1
σ2
T µλv
λ
ν , (4.4)
where we have defined
vµν = Tr(γµγαγνγβ)
∫
d3r
(2π)3
1
rˆ2(rˆ + q)2
rˆα(rˆ + q)β . (4.5)
The solution is
T = σ2(σ2 I + v)−1 . (4.6)
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σ/pF=0.5
σ/pF=1
σ/pF=5
0 2 4 6 8 10
0.0
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<
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(-
q
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0
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Figure 1. The real part of the density-density correlation function 〈j0(0,−q)j0(0, q)〉, at
various values of the coupling constant σ. The imaginary part identically vanishes at zero
frequency.
The current-current correlator can then be straightforwardly calculated,
〈jν(−q)jµ(q)〉 = N T µλ(q)
∫
d3r
(2π)3
Tr (γνG(r + q)γλG(r)) (4.7)
= −(T v)µν (4.8)
= −N σ2((σ2 I + v)−1 v)µν . (4.9)
It requires some work to calculate vµν at non-zero momentum, however when q3 = 0
the derivation somewhat simplifies, but still remains cumbersome. We provide the
details of its calculation in Appendix A. The most important feature is the singular
structure of the correlation function at qs = 2pF = 2µˆ. We plot the result at various
values of the coupling constant in figure 1. At finite value of the coupling σ we obtain
the asymptotic expression (remember σ2 has dimension of mass)
1
N
〈j0(0,−q)j0(0,q)〉 ≃ σ2 − 32σ
4
qs
+O (1/q2s) . (4.10)
On the other hand if the free limit σ →∞ is taken first, then the asymptotic behavior
is
1
N
〈j0(0,−q)j0(0,q)〉σ→∞ ≃
qs
32
+
µ
16
+O (1/qs) . (4.11)
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We also calculate
1
N
lim
qs→0
〈
j‖(0,−q)j‖(0,q)
〉
=
p2F
4πµ
(4.12)
which then can be substituted into the Kubo formula to give the following expression
for the AC conductivity at low frequency
σ(ω) = N
p2F
4πµ
1
−iω . (4.13)
This agrees with the Drude model, with infinitely long-lived charge carriers with the
density given by (3.10).
5 Landau parameters
In the Landau Fermi liquid theory the interaction of quasiparticles on the Fermi surface
can be described by the Landau parameters, as we briefly reviewed in section 2. In
the first part of this section we derive the Landau parameters for the Thirring model
from microscopic considerations. We begin by solving the Schwinger-Dyson equation
for the fermionic four-point function (2.13). Knowing the on-shell fermionic states on
the Fermi surface, we subsequently derive the amplitude (2.12), and the quasiparticle
interaction function (2.11).
Thermodynamic observables in the Landau Fermi liquid theory can be expressed
in terms of the Landau parameters. As reviewed in section 2, the heat capacity and
the inverse compressibility can be calculated using (2.8), (2.9). The reverse of this
procedure expresses the Landau parameters in terms of the known thermodynamic
observables. In the second part of this section we show that such a method gives the
values of the Landau parameters agreeing with the microscopic result.
5.1 Four-fermionic vertex
Consider the four-fermionic one-particle irreducible amplitude in the direct channel
V α γδ , β(q) δ
i
l δ
j
k =
〈
ψ¯αi(−p− q)ψ¯γk(−k)ψδl(p)ψβj(k + q)
〉
1PI
(5.1)
It satisfies the Schwinger-Dyson equation, which in the large-N limit is written as
V α γδ , β(q) =
1
σ2
(γµ)αδ(γµ)
γ
β +
1
σ2
(γµ)αδ
∫
d3r
(2π)3
Tr1
(
G(r)γµG(r + q)V
γ
, β(q)
)
(5.2)
The pairs of indices (α, δ) and (γ, β) are separated by comma in the notation for
the vertex, and belong to different terms in the direct product of spinor structure.
Diagramatically the Schwinger-Dyson equation (5.2) looks like
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= +
p + q k + q
p k
α α α
δ δ δ
β β β
γ γ γ
r
r + q
Here we have lightened up the picture, removing the superfluous momentum labels
where their placement is clear. The r and r + q internal fermionic propagators are the
full fermionic propagators.
In the case of general momentum q one would consider the following ansazt for the
spinor structure of the vertex
V α γδ , β(q) = (γµ)
α
δ(γν)
γ
βA
µν(q) , (5.3)
and therefore the SD equation takes the form
(γµ)
α
δ(γν)
γ
βA
µν(q) =
1
σ2
(γµ)αδ(γµ)
γ
β −
1
σ2
(γµ)αβvνµ(q)A
ν
λ(q)(γ
λ)γβ , (5.4)
where we have used (4.5). For the purpose of calculating the Landau parameters we
are interested in the four-fermionic vertex at zero momentum, q = 0. In that case
vµν(q = 0) =
µˆ
4π
(δµ,1δν,1 + δµ,2δν,2) (5.5)
The SD equation therefore has the solution
Aµν(q = 0) = diag
(
1
σ2 + µˆ
4π
,
1
σ2 + µˆ
4π
,
1
σ2
)
. (5.6)
5.2 Microscopic derivation of the Landau parameters
The on-shell particle state u(p) satisfies the Dirac equation
pˆµγ
µu(p) = 0 , (5.7)
and therefore it obeys the mass-shell condition
(p3 − iµ− iΣ3)2 + p2s = 0 . (5.8)
The Euclidean energy is ε = p˜3 = p3− iµ. On the Fermi surface the energy is ε = εF =
−iµ, and the momentum is pF = µˆ. Dirac equation (5.7) on the Fermi surface takes
the form ( −i
eiθp
e−iθp
i
)
u(p) = 0 . (5.9)
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The solution is
u(p) =
(−ie−iθp/2
eiθp/2
)
. (5.10)
Now we switch to the Lorentzian signature and expand the fermionic propagator near
the Fermi surface
G(p) = −ipˆµγ
µ
pˆ2
≃ 1
ω − (|p| − pF )
u⊗ u¯
u†u
, (5.11)
which has the form of (2.10), with the wave-function remormalization
Z = 1 . (5.12)
and the Fermi velocity
vF = 1 . (5.13)
Consequently the quasiparticle effective mass is given by
m⋆ =
pF
vF
= µˆ . (5.14)
The quasiparticle interaction function f(θ) can be derived microscopically from
the one-particle-irreducible scattering amplitude, (2.11), (2.12). Using the solution for
V α γδ , β(0), and the expression (5.10) for the on-shell fermionic state, we obtain
f(θ) =
1
σ2
− 1
σ2 + µˆ
4π
cos θ , (5.15)
where θ = θp − θk.
The Landau parameters can now be extracted using the expansion (2.5). We
expresse the answer in terms of the Thirring coupling constant σ and the Fermi mo-
mentum µˆ,
F0 =
µˆ
2πσ2
, (5.16)
F1 = − µˆ
4πσ2 + µˆ
. (5.17)
5.3 Thermodynamic derivation of the Landau parameters
One can derive the Landau parameters F0, F1, provided the inverse compressibility and
the heat capacity are known. We know that the charge density n is given by (3.10),
which allows us to calculate the inverse compressibility (2.9). Due to m⋆ = µˆ = µ+Σ3,
we obtain
F0 = N
µˆ
2π
∂µ
∂n
− 1 =
(
1− ∂µˆ
∂µ
)
/
∂µˆ
∂µ
. (5.18)
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We notice that this is the same as the expression (5.16) derived from microscopic
considerations, once we observe that(
1− ∂µˆ
∂µ
)
/
∂µˆ
∂µ
=
µˆ
2πσ2
, (5.19)
as follows from differentiating w.r.t. µ of the expression, obtained from equations (3.5),
(3.6)
µˆ2
4π
+ σ2µˆ− σ2µ = 0 . (5.20)
The heat capacity of the Landau Fermi liquid is given by the expression (2.8).
Comparing it with the expression (3.14) for the Thirring model we conclude that m⋆ =
µˆ, in agreement to the value (5.14) we obtained from the fermionic propagator. After
some transformations using the Landau Fermi liquid expression (2.7) and the relations
(3.5), (3.6) we conclude that the F1 is given by the expression (5.17), in agreement with
the microscopic derivation of the previous subsection.
5.4 Solving for the Landau parameters
The gap equation (5.20) is solved by
µˆ = µ
√
1 + t− 1
t/2
, (5.21)
where we have denoted
t =
µ
πσ2
. (5.22)
The fermionic density is then given by
n(t) = N
µ2
π t2
(
√
1 + t− 1)2 . (5.23)
The Landau parameters are
F0(t) =
√
1 + t− 1 , (5.24)
F1(t) = −1
t
(
√
1 + t− 1)2 . (5.25)
We plot these for the attractive and repulsive interactions in figures 2, 3.
The free theory limit is t→ 0. In the case of attractive interaction we have t < 0, in
the case of repulsive interaction it is t > 0. The theory always has a real-valued solution
for µˆ when interaction is repulsive. When interaction is attractive, the solution is only
valid for t ∈ [−1, 0], putting an upper threshold t = −1 on the possible interaction
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F1(t)
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Figure 2. The Landau parameters in
the Thirring model with attractive inter-
actions (σ2 < 0) in dependence on the
t = µ/(piσ2), taking values between the
free point t = 0 and the threshold point
t = −1 of the Fermi liquid phase.
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F1(t)
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Figure 3. The Landau parameters in
the Thirring model with repulsive inter-
actions (σ2 > 0) in dependence on the
t = µ/(piσ2), taking values between the
free point t = 0 and the infinitely strongly
coupled regime t≫ 1.
strength at which the Fermi liquid state can exist. Notice the density n(t) does not
vanish at the threshold point t = −1, indicating that the system actually goes through a
phase transition at this point, to a different finite-density state. This is not unexpected
for a three-dimensional model with local four-fermionic interaction, since it is known
that a finite-density Gross-Neveu model exhibits a deconfinement phase transition at
certain value of the chemical potential [5, 6]. It would be interesting to derive the free
energy for the Thirring model, at finite temperature and chemical potential, and map
the corresponding phase struture.
6 Discussion
In this paper we considered the large N limit of the three-dimensional Thirring model
of massless fermions at finite density. Such a model provides a simple example of an
interacting fermionic system, and we have shown that its low-temperature dynamics
consistently fits into the framework of the Landau Fermi liquid with a non-trivial zeroth
and first Landau parameters. We have argued that the system exhibits a sharp Fermi
surface at zero temperature by calculating the current-current correlation function and
demonstrating that it has a singular structure at zero frequency and a finite momentum,
equal to twice of the Fermi momentum.
An immediate generalization of the model considered in this paper is achieved by
switching on a finite temperature. The Landau Fermi liquid theory is defined in the
low-temperature range, T/µ ≪ 1. Unlike the situation of the Chern-Simons-matter
– 14 –
theories, introduction of temperature into the Thirring model is relatively simple, be-
cause in the absence of gauge interaction one does not have to worry about holonomy
of the gauge field along the temporal circle. It is interesting to calculate the current-
current correlation function at finite value of the temperature, and study its singular
structure.
Another straightforward calculation which can be done is the large-N free energy
and the associated phase structure. Furthermore, it would be interesting to repeat
the analyses of this paper for the three-dimensional massive fermionic model with
the Gross-Neveu interaction, which exhibits a second order phase transition [5, 6]. It
would be interesting to observe the associated behavior of the Landau parameters and
to follow the fate of the Friedel oscillations across the point of the superconducting
phase transition.
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A Derivation of the v matrix
In this appendix we derive the vµν matrix (4.5)
vµν = Tr(γµγαγνγβ)
∫
d3r
(2π)3
1
rˆ2(rˆ + q)2
rˆα(rˆ + q)β . (A.1)
Let us introduce the uαβ matrix
uαβ =
∫
d3r
(2π)3
1
rˆ2(rˆ + q)2
rˆα(rˆ + q)β , (A.2)
which then allows us to express
vµν = 2(uµν + uνµ − Tr u gµν) . (A.3)
We are interested in the calculation at q3 = 0. The calculation therefore reduces to
deriving the following integrals:
Sµ(q3 = 0) =
∫
d3r
(2π)3
rˆµ
rˆ2(rˆ + q)2
, (A.4)
Sµν(q3 = 0) =
∫
d3r
(2π)3
rˆµrˆν
rˆ2(rˆ + q)2
, (A.5)
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in terms of which
uαβ(q3 = 0) = S
αβ(q3 = 0) + S
α(q3 = 0)q
β . (A.6)
For simplicity of notation in this appendix we omit hats on top of µˆ.
Let us derive the Sµ first. Introducing the Feynman parameter we obtain
Sµ(q3 = 0) =
∫ 1
0
dx
∫
d3r
(2π)3
r˜µ
[r˜23 + a
2]2
, (A.7)
where b2 = (r + xq)2s + x(1 − x)q2s . First integrating over r3 we notice that
S3(q3 = 0) = 0 . (A.8)
Consider µ = i to be a spatial polarization, and make the change ri → ri − x qi of the
integrated momentum,
Si(q3 = 0) = −qi
∫ 1
0
dx x
∫
d3r
(2π)3
1
[r˜23 + a
2]2
(A.9)
= − qi
8π
∫ 1
0
dx x
∫
d2r
(2π)2
∫ Λ+xqs cos θ
√
x(1−x)qs
da
a2
θ(a− µ) , (A.10)
where a2 = r2s + x(1− x)q2s .
Here we have also noticed that on should generally take into account that if the rs
integral is divergent then an extra subtlety appears in regularization of the divergence.
Suppose we choose a cutoff scale, rs < Λ. Then after the change of the variables
the cutoff scale is a < Λ + xqs cos θ + O(1/Λ), where θ is an angle between r and
q. Due to the presence of cos θ, the shift xqs cos θ of the cutoff scale usually vanishes
after integration over θ, and in all the integrals below it actually ends up having no
contribution.
Denote x1,2 to be solutions of equation x(1 − x)q2s = µ2. Then
Si(q3 = 0) = − qi
8π
∫ 1
0
dx x
∫
µ
da
a2
θ(2µ− qs) (A.11)
− qi
8π
((∫ x1
0
dx x+
∫ 1
x2
dx x
)
1
µ
+
∫ x2
x1
dx x
1
qs
√
x(1− x)
)
θ(qs − 2µ)
= − qi
16πµ
+
1
8π
(√
q2s − 4µ2
2µ
− cos−1
(
2µ
qs
))
θ(qs − 2µ) . (A.12)
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Therefore for the polarizations longitudinal and transverse w.r.t. q we obtain
S‖(q3 = 0) = − qs
16πµ
+
1
16πµ
(√
q2s − 4µ2 − 2µ cos−1
(
2µ
qs
))
θ(qs − 2µ) , (A.13)
S⊥(q3 = 0) = 0 . (A.14)
Calculation of the tensor Sµν is performed analogously. First of all we notice that
S3i(q3 = 0) = 0 (A.15)
S33(q3 = 0) = − µ
8π
+
(
µ
16πqs
√
q2s − 4µ2 −
qs
32π
cos−1
2µ
qs
)
θ(qs − 2µ) . (A.16)
We subseqeuntly find
Sij(q3 = 0) =
1
8π
∫ 1
0
dx
∫
dθ
2π
∫ Λ+xqs cos θ
√
x(1−x)qs
da
a2
θ(a− µ) (rirj + x2qiqj) . (A.17)
which in components is given by
S‖‖(q3 = 0) =
q2s − 2µ2
32πµ
+
2µqs cos
−1
(
2µ
qs
)
− qs
√
q2s − 4µ2
32πµ
θ(qs − 2µ) , (A.18)
S⊥⊥(q3 = 0) = −q
2
s + 6µ
2
96πµ
+
√
q2s − 4µ2
(
8µ2 + q2s − 6µ2 cos−1
(
2µ
qs
))
96πµqs
θ(qs − 2µ)
(A.19)
S‖⊥(q3 = 0) = 0 . (A.20)
Notice that all the integrals are real-valued at q3 = 0. This can alternatively be
seen by working in the Lorentzian signature, where the fermionic propagator at finite
chemical potential attains the form
1
−p23 + p2s
→ 1
(p3 + ps − iǫ)(p3 − ps + iǫsgn(ps − µˆ)) . (A.21)
Using this propagator in the loop integral at zero frequency one notices that the result-
ing integrals over spatial components of the total momentum are to be understood in
the principal value sense, and can be seen to be real-valued.
For the density-density correlation function, restoring µ→ µˆ, we obtain
1
N
〈j3(−q)j3(q)〉 = q
2
sσ
2 θ(2µˆ− qs)
12πµˆσ2 + q2s
(A.22)
+
σ2
(
4q3s−4q2s
√
q2s−4µˆ2−2µˆ2
√
q2s−4µˆ2 + 3µˆ
(
2µˆ
√
q2s−4µˆ2+q2s
)
cos−1
(
2µˆ
qs
))
θ(qs−2µˆ)
4q3s−4q2s
√
q2s−4µˆ2−2µˆ2
√
q2s−4µˆ2+3µˆ
(
2µˆ
√
q2s−4µˆ2+q2s
)
cos−1
(
2µˆ
qs
)
+48πµˆqsσ2
.
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